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Abstract
Cosmological α-attractors are observationally favored due to the asymptotic flatness
of the potential. Since its flatness induces the negative pressure even after inflation,
the coherent oscillation of the inflaton field could fragment into quasi-stable localized
objects called I-balls (or “oscillons”). We investigated the possibility of I-ball formation
in E-models of α-attractors. Using linear analysis and the lattice simulations, we find
that for α <∼ 10−3, the inflaton feels the negative pressure long enough and actually
fragments into I-balls.
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1 Introduction
The inflationary cosmology [1, 2, 3, 4] solves many puzzles of the standard big bang cos-
mology, such as the flatness and horizon problems. While various inflation models have
been proposed, recent observations of cosmic background radiation (CMB) [5] have excluded
many class of models, including single power-law potential models, through the combined
constraints on the spectral index ns and the tensor-to-scalar ratio r.
A new class of inflationary models that is consistent with the observations, was recently
proposed [6, 7, 8]. These models, called α-attractors, are constructed in a quite bottom-up
manner, which include various types of inflation models, unified by only one (phenomenologi-
cally) free-parameter α. For example, the quadratic inflation model [3, 4] and the Starobinsky
model [1, 9] are reproduced by α =∞ and α = 1, respectively.
The α-attractors are categorized into two subclasses: T-models and E-models, which are
characterized by the following potentials,
VT(φ) = V0 tanh
2n
(
φ√
6αMpl
)
, (1)
VE(φ) = V0
(
1− e−
√
2
3α
φ
Mpl
)2n
, (2)
respectively.
It is known that if the scalar field φ oscillates in the potential that is shallower than
quadratic, φ feels negative pressure and fragments into quasi-stable lumps, which are called
I-balls/oscillons [10, 11, 12, 13]. When the dynamics is nearly periodic, the area of the track
in the phase space is conserved, which is called adiabatic invariant I. I-ball/oscillon is defined
as the scalar configuration which minimizes the energy with a fixed I, which guarantees the
stability [11]. From now on, we use the term “I-ball”. It was pointed out that the I-balls
are formed in the case of T-models, for n = 1, α <∼ αTth ∼ 10−4 [14, 15]. This is because the
negative quartic term induces the negative pressure on the inflaton. In the case of E-models,
however, the existence of the cubic term is crucial which makes the potential is asymmetric
and flatter than quadratic only for φ > 0, which may lead to a different phenomenon from
the T-models. The I-ball formation in the Starobinsky model was studied in Ref. [16], which
corresponds to the case (n, α) = (1, 1) of the E-models. The authors concluded that while
lumps are formed in Minkowski space, if one considers the cosmic expansion, inflaton damps
quickly towards the regime where negative pressure is inefficient, so that the fluctuation
cannot become non-linear.
However, if we consider a smaller α, the regime where the negative pressure is efficient
can be longer, during which instability can become non-linear and I-balls are formed. We
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treat φ in linear approximation and examine whether fluctuation grows for small α. We
find that the instability band arises for α<∼ αEth ∼ 10−3. In order to follow the dynamics in
non-linear regime, we also performed the lattice simulations in 1D, 2D, 3D, where indeed
I-balls are formed for α<∼ 10−3.
The formation of such quasi-stable lumps can give an impact on the cosmology after in-
flation. For instance, the reheating process is altered, since the inflaton energy is transferred
to the light particles through the decay of the I-balls, which may affect the cosmological
scenarios such as baryogenesis, gravitino production and so on. The number of e-foldings
at CMB pivot scale N∗ is also changed, since it is related to the reheating temperature.
This change depends on the inflationary models, and may resolve the degeneracy of the
inflationary observables.
The paper is organized as follows. In Sec. 2, we review the E-models of the α-attractors.
In Sec. 3, we derive the profiles of the I-balls. In Sec. 4, we examine the growth of the insta-
bility band for small α in E-models. In Sec. 5, we present the results of lattice simulations
of I-ball formation in E-models. In Sec. 6, we discuss the effect of I-ball formation on the
cosmology. Sec. 7 is devoted to the conclusions.
2 E-models of the α-attractors
The recently proposed α-attractors show a great consistency with the observations, which
is due to the flatness of the potential in the large field regime φ/
√
α  1. This flatness
originates from the pole in the kinetic term e.g,
L ⊃ −3α(∂τ)
2
4τ 2
− V (τ), (3)
where τ denotes a real scalar field. Once we use the canonically normalized field φ, which
is related to τ as τ = −exp(
√
2
3α
φ
Mpl
), the large field region of the potential is exponentially
stretched and becomes sufficiently flat to explain the inflation. The α-attractors are naturally
embedded into the N = 1 supergravity exploiting the hyperbolic geometry of the Poincare´
disk or half-plane [17]. Then only one parameter α is related to the curvature of the Ka¨hler
geometry RK = − 23α , which is also phenomenologically arbitrary parameter.
The α-attractors are currently categorized into two subclasses: T-models and E-models.
The E-models are specified by the following asymmetric potential [18, 19],
VE(φ) =
3
4
m2M2plα
(
1− e−
√
2
3α
φ
Mpl
)2n
, (4)
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Figure 1: The behavior of the E-model potentials (n = 1) for different choices of α. The
case of α = 1 corresponds to the Starobinsky model.
which becomes asymptotically flat for φ >∼
√
αMpl. One can see that the choice (n, α) = (1, 1)
reproduces the shape of the Starobinsky potential which originally described by scalaron
mode in the R + R2 gravity [1]. In Fig. 1, we present the behavior of the potential for
different choices of α in the case n = 1. In the following sections, we consider the case n = 1
for simplicity.
2.1 Inflationary observables
In this section, we discuss the Inflationary observables predicted by the α-attractors. The
amplitude and the spectral index of primordial curvature perturbation are given by
Pζ ≡ V
24pi2M4pl
' N
2m2
24pi2M2pl
, (5)
ns ≡ 1− 6+ 2η ' 1− 2
N
, (6)
r ≡ 16 ' 12α
N2
, (7)
for N  1, α. Here we use that number of e-foldings N is related with φ as
N = −
∫ t(φ)
tend
dtH ' 3
4
αe
√
2
3α
φ
Mpl . (8)
According to the latest Planck results [5], the amplitude of the primordial curvature pertur-
bation at the CMB scale k∗ ' 0.002 Mpc−1 is given as
Pζ(k∗) ' 2.4× 10−9. (9)
3
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Figure 2: The prediction of the E-model (n = 1) for various α. The case of α = 1 corresponds
to the Starobinsky model.
Then, the inflaton mass m is determined as
m ' 1.4× 10−5Mpl
(
N∗
55
)−1
. (10)
The spectral index and the tensor-to-scalar ratio are also constrained by the latest Planck
results as
ns = 0.968± 0.006, r < 0.11 (Planck 2015), (11)
which are in good agreement with the predictions of the E-models:
ns ' 0.964, r = 4α× 10−3, (N∗ = 55) (12)
for α <∼O(10). We plot the prediction of the E-models for various α in (ns, r) plane, in
Fig. 2.
Now we comment on the inflationary observables predicted by T-models of the α-attractors.
The potential shape of the T-model is very similar to that of the E-models in large field
regime. In fact, their predictions of the primordial fluctuations coincide with each other
for α  N , that is, two models are almost degenerate in (ns, r) plane. However, as we
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mentioned before, the coherent oscillation after inflaton is driven by different potential in
each model. Thus, the condition for the formation of I-balls in E-models differs from that
in T-models, as we will see in the following sections.
Finally, we calculate the field value of the inflaton at the end of the inflation φend, which
we will use later. The end of the inflation is defined by the condition , |η| ∼ 1. Then the
field value of the inflaton takes a value
φend '
√
3α
2
Mpl log
[√
4
3α
+ 1
]
. (13)
We adopt φend as our initial condition of the oscillation after inflation. Strictly speaking, of
course, the amplitude of the oscillation is slightly larger than φend, since φ˙end 6= 0. However,
it damps to φend by cosmic expansion in a time scale that is negligible compared to that
of the fragmentation of φ, which is longer than O(100)m−1 as we will see later. Since the
fragmentation is more efficient for a larger oscillation amplitude, this choice of the initial
condition is rather conservative for the I-ball formation.
3 The I-ball solution and its profile
When the dynamics is nearly periodic, the area of the track in the phase space is conserved,
which is called adiabatic invariant I:
I ≡ 1
2ω
∫
d3xφ˙2, (14)
where ω is the frequency of the periodic motion, or oscillation. I-ball profiles are defined as
the solutions which minimize the one-period averaged energy, with fixed I. In the E-models,
while the dynamics after inflation is dominated by harmonic oscillation, the asymmetric
correction due to the cubic term plays an important role in the I-ball formation, which may
make averaging and minimizing the energy rather involved. Here we derive the profile of the
I-ball using an alternative method, called -expansion [20, 21, 22], where we directly solve the
time and space dependence of the oscillating solution in the small-amplitude approximation.
Since analytic solutions exist only for 1+1 dimension, we will perform the analysis in 1+1
dimension. Then, the equation of motion of φ is given as
d2φ
dt2
− d
2φ
dx2
+ V ′(φ) = 0, (15)
where
V ′(φ) =
√
3α
2
m2Mple
−
√
2
3α
φ
Mpl
(
1− e−
√
2
3α
φ
Mpl
)
. (16)
5
We assume that φ/
√
α is small and define the small parameter  as
 ≡ Φ√
αMpl
, (17)
where Φ is the amplitude of harmonic part of oscillation of φ. If we redefine the variables as
τ ≡ mt
√
1− A−B2 +O(3), (18)
χ ≡ mx (+O(2)) , (19)
and expand φ as
φ√
αMpl
≡ φ1 + 2φ2 + 3φ3 +O(4), (20)
the equation of motion Eq. (15) is decomposed as
φ1ττ + φ1 = 0, (21)
φ2ττ + φ2 = Aφ1ττ +
3√
6
φ21, (22)
φ3ττ + φ3 = Bφ1ττ + φ1χχ + Aφ2ττ +
√
6φ1φ2 − 7
9
φ31, (23)
where we expanded Eq. (16) as well. Using the following solution of Eq. (21),
φ1(χ, τ) ≡ f(χ) cos(τ), (24)
Eqs. (22, 23) reduce to
φ2ττ + φ2 = −Af cos(τ) + 3√
6
f 2 cos2(τ), (25)
φ3ττ + φ3 = −Bf cos(τ) + fχχ cos(τ) + Aφ2ττ +
√
6f cos(τ)φ2 − 7
9
f 3 cos3(τ). (26)
In order to obtain the stable solution, we eliminate the secular term in Eq. (25) by choosing
A = 0. Then, φ2 is given as
φ2 = f
2
[√
6
4
−
√
6
12
cos(2τ)
]
, (27)
by which Eq. (26) reduces to
φ3ττ + φ3 =
[
fχχ −Bf + 2
3
f 3
]
cos(τ)− 4
9
f 3 cos(3τ). (28)
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Again, by the stability of the solution, the first term must vanish:
fχχ −Bf + 2
3
f 3 = 0. (29)
This determines the spatial profile of the solution, which is analytically given as follows.
f(χ) = f(0)sech
[
1√
3
f(0)χ
]
. (30)
Finally, solving Eq. (28), we obtain the following perturbative solution.
φ ' √αMpl
[√
6
4
(
Φ√
αMpl
)2
+
Φ√
αMpl
cos(τ)
−
√
6
12
(
Φ√
αMpl
)2
cos(2τ) +
1
18
(
Φ√
αMpl
)3
cos(3τ)
]
+O(4), (31)
where Φ and τ are given as
Φ ≡ Φ(0)sech
[
Φ(0)√
3αMpl
mx
]
, (32)
τ =
√
1− 1
3
(
Φ√
αMpl
)2
mt. (33)
We note that the asymmetric property appears as a second order correction, which induces
the instability as we will see in the next section. We compare these analytic profiles with
those obtained by 1D lattice simulations in Sec. 5.
4 Growth of instability
The potential of E-model is asymmetric due to the cubic term, which makes it flatter than
quadratic only for φ > 0. This flatness induces the negative pressure on φ, leading to its
fragmentation into the quasi-stable lumps. The I-ball formation in Starobinsky model was
studied in Ref. [16], which is the case of (n, α) = (1, 1). The authors concluded that while I-
balls are formed in Minkowski space, once the cosmic expansion is taken into account, inflaton
damps quickly towards the regime where negative pressure becomes inefficient, before the
fluctuation becomes non-linear. However, if we consider a smaller α, the negative pressure
can be efficient for longer time, during which instability can become non-linear and I-balls
are formed. We perform the linear instability analysis and show that the fluctuation grows
for small α.
7
If we divide φ into the background φ0(t) and the fluctuation δφ(x, t), the equation of
motion for φ
φ¨+ 3Hφ˙− 1
a2
∆φ+ V ′(φ) = 0, (34)
is decomposed into that for φ0(t) and δφ(x, t);
φ¨0 + 3Hφ˙0 + V
′(φ0) = 0, (35)
δφ¨k + 3Hδφ˙k +
[
k2
a2
+ V ′′(φ0)
]
δφk = 0, (36)
where a is a scale factor and δφk are the Fourier modes of δφ(x), and the derivatives of the
potential are calculated as
V ′(φ) =
√
3α
2
m2Mple
−
√
2
3α
φ
Mpl
(
1− e−
√
2
3α
φ
Mpl
)
, (37)
V ′′(φ) = −m2e−
√
2
3α
φ
Mpl
(
1− 2e−
√
2
3α
φ
Mpl
)
. (38)
First, we solve for the background φ0. If we ignore cosmic expansion and consider the small
field regime, we can find the solution perturbatively as in the previous section, which is given
as follows:
φ0 '
√
αMpl
[√
6
4
(
Φ0√
αMpl
)2
+
Φ0√
αMpl
cos(τ) (39)
−
√
6
12
(
Φ0√
αMpl
)2
cos(2τ) +
1
18
(
Φ0√
αMpl
)3
cos(3τ)
]
,
where Φ0 is a constant and τ are given as
τ =
√
1− 2
3
(
Φ0√
αMpl
)2
mt, (40)
which can be obtained from Eq. (29) with fχχ = 0.
Plugging this into Eq. (36), we obtain the following Mathieu equation:
d2
dT 2
δφk +
1
1− (2/3)(Φ0/
√
αMpl)2
[
4
(
k
ma
)2
+ 4− 4
3
(
Φ0√
αMpl
)2
(41)
−4
√
6
(
Φ0√
αMpl
)
cos(2T )
]
δφk ' 0,
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Figure 3: Instability bands for α = 8 × 10−4, φi = φend = 0.13Mpl, which are evaluated at
various times. We note that they agree with the estimation in Eq. (43).
where T ≡ τ/2 and we ignored cosmic expansion. We can see that cubic term induces
the negative pressure as O(2) collection. One may suppose that the effect of the cubic
vanishes when we take the oscillation average. However, φ spends more time in the region
φ > 0 during oscillation, due to the asymmetric property of its potential. There exists an
instability mode at
4
(
k
ma
)2
+ 4− 4
3
(
Φ0√
αMpl
)2
' 4, (42)
that is
k
ma
' 1√
3
Φ0√
αMpl
<∼
1√
3
' 0.58. (43)
However, for α = 1, it was reported that inflaton damps too quickly due to the cosmic
expansion, especially before the instability grows sufficiently [16]. If we consider a smaller
α, resonance can be efficient for longer, since the Hubble rate becomes smaller, which is
proportional to
√
α. We numerically solved Eq. (36) and confirmed that the instability grows
for small enough α. We also estimate the threshold value for the instability as α ∼ 10−3. In
Fig. 3, we present an example of instability band for α = 8 × 10−4. In the calculation, we
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set the initial conditions as
φi = φend(' 0.13Mpl), (44)
δφi = O(10−5)φend. (45)
One can see that the peak which appears in the figure coincides with the rough estimation
in Eq. (43).
The maximal α for the I-ball formation is rather larger than that is predicted in the
case of T-models, which is about 10−4 [14, 15]. This difference may originate from that of
the source of the negative pressure. While the negative quartic term makes the potential
shallower than quadratic in the T-models, the cubic term plays the role in the E-models.
Furthermore, the field value of the inflaton at the end of inflation φend is different for each
model, which would be also relevant to the maximal α for the I-ball formation.
5 Lattice simulation of I-balls formation
In order to follow the dynamics in non-linear regime, we also performed the lattice simulation
of the formation of I-balls, using the modified version of LATTICEEASY [24], which is a
C++ program designed for simulating scalar field evolution in an expanding universe. We
integrate the equation of motion Eq. (34) using the leapfrog method of second order, and
approximate the spatial derivatives through the Central-Difference formulas of second order.
The initial value of the scale factor a is normalized as unity, and the Hubble parameter
is defined as
H =
√
〈ρ〉
3M2pl
, (46)
where 〈 〉 is the average over the lattice and ρ is the energy density, which is given by
ρ =
1
2
φ˙2 +
1
a2
(∇φ)2 + V (φ). (47)
In Table 1, we present the lattice settings for the simulations. The parameters Ngrid, L,∆t
are the number of grids, box size, and time step, respectively. All the quantities in the
program are given as functions of rescaled variables φ/φend, V/(mφend)
2,mt, and mx, where
x, t are spacetime coordinates.
In Fig. 4, we present an example of 1D simulations, where we plot energy density ρ after
the formation. We found that the formation time is tform ∼ O(100)m−1. We overlapped
the energy density of analytic solution Eq. (31), matching the peaks. We can see that
10
Ngrid Lm m∆t
1D 1024 50 0.04
2D 2562 50 0.1
3D 1283 50 0.2
Table 1: Lattice settings for simulations.
t=1000m-1
0 10 20 30 40 50
0
1×107
2×107
3×107
4×107
5×107
mx
a3
ρm-4
m=1.2×10-5Mpl, α=8×10-4, ϕi=ϕend=0.13Mpl
Figure 4: An example of 1D lattice simulations with α = 8 × 10−4, φi = φend ' 0.13Mpl,
where we set Ngrid = 1024, Lm = 50. We plot the comoving energy density at t = 1000m
−1,
and fit the peaks to the analytic profiles obtained in Sec. 3, which agree quite well.
both configurations agree well. In Figures 5 and 6, we illustrate the examples of 2D and 3D
simulations, respectively, where we also plot the energy density after the formation. In Fig. 6,
we plotted iso-surfaces of the energy density at a3ρ = 5.9 × 107m4 and a3ρ = 1.8 × 108m4,
where one can clearly see that the localized ball-like objects are actually formed, which we
identify as I-balls.
6 Cosmological implications of the I-ball formation
We have confirmed that coherent oscillation of the inflaton fragments into the localized
objects called I-balls for small α, and estimated the threshold value for the formation as
αEth ∼ 10−3. The fragmentation of the inflaton can give a great influence on the cosmology
after the inflation because the reheating process is significantly altered. In the usual case
without inflaton fragmentation, the energy of the inflaton is converted to the light particles
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Figure 5: An example of 2D lattice simulation with α = 8× 10−4 and φi = φend = 0.13Mpl,
where we set Ngrid = 256
2, Lm = 50. We plot the comoving energy density normalized by
107m4 at t = 2× 104m−1.
Figure 6: An example of 3D lattice simulation with α = 8× 10−4 and φi = φend = 0.13Mpl,
where we set Ngrid = 128
3, Lm = 50. We plot the iso-surfaces of the comoving energy
density at a3ρ = 5.9× 107m4 and a3ρ = 1.8× 108m4 , at the time t = 2× 104m−1.
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mainly by the perturbative decay. However, once the inflaton fragments to localized objects,
the universe must be reheated by the decay of them. Therefore, the time of reheating
completion may be significantly changed, unless the perturbative inflaton decay completes
before the fragmentation. Such situations are studied in the case of a Q-ball, which is a
complex scalar configuration that minimizes the energy under the conservation of global
U(1) charge [25]. Since the center of the Q-ball has a large VEV, the reheating occurs
through the surface effect. The I-balls, however, is a real scalar configuration and oscillates
at the center as well, hence the reheating occurs over the volume. While there are some
studies in particular situations, the general decaying properties of I-balls are actually not
known well. There can be self-decay through the self-interactions φn [26], and also the decay
into other light particles if the proper couplings exist. In particular, it was reported that
the decay into the scalar particles is exponentially enhanced due to the Bose stimulation
leading to the immediate decay of I-balls after their formation [27]. These processes must
occur before the BBN.
We note that such a change in the reheating scenario also affects the predictions on the
inflationary observables. As we can see in Eq. (5, 6, 7), the prediction of the primordial
perturbation depends on N∗, which is the e-foldings number at CMB pivot scale. Although
it is roughly assumed to take a value of 50 ∼ 60, the actual value of N∗ is completely
determined by specifying the reheating temperature, due to the following relation:
N∗ = 61.4 +
1
2
ln
(
V∗
M4pl
)
− 1
3
ln
(
ρe
M4pl
)
+
1
3
ln
(
TR
Mpl
)
(48)
Thus, the I-ball formation alters the predictions on the inflationary observables through
the reheating temperature. For instance, if the decay rate of the I-ball is smaller than
the perturbative one, lower reheating temperature realizes, which makes N∗ smaller. This
implies that N∗ gets the α dependence due to the I-balls formation for α < 10−3, which is
negligible in absence of I-ball formation. On the contrary, if the decay is sufficiently fast,
the reheating temperature becomes higher, leading to the higher N∗. While large N∗ may
cause the overproduction of gravitinos in the thermal bath, it is favored by latest Planck
observations.
It is worth to comment on the difference between E-models and T-models. As we men-
tioned, the predictions of the two models degenerate for α N∗ and the same reheating tem-
peratures. However, the conditions for I-ball formation are different: αTth ∼ 10−4, αEth ∼ 10−3.
This means that there are possibilities that this difference resolves the degeneracy of the in-
flationary observables through N∗. The same discussion applies for UV-motivated inflation
models which predict tiny tensor mode and degenerate with the α-attractors for α 1, e.g,
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polyinstanton inflation (α ∼ 10−3) [28], Ka¨hler moduli inflation (α ∼ 10−8) [29].
7 Conclusions and discussion
Recently proposed α-attractors are categorized into two subclasses: T-models and E-models,
which are favored by the observations, due to the flatness of the potentials. It is known that
such a flatness of the potential makes the inflaton fragment into the quasi-stable objects
called I-balls. In this paper, we investigated the possibility of the formation of I-balls in
E-models. For small α, φ feels the flatness for longer time, hence the negative pressure may
induce the instability and I-balls are formed. By using the linear instability analysis, and
also performing the lattice simulation, we actually confirmed that the I-balls are formed for
α <∼ αEth ∼ 10−3. The maximal α for the I-balls formation is rather larger than in the case
of T-models, which is about αTth ∼ 10−4 [14, 15]. This difference is due to the different
behavior in the potential, especially the cubic term in the E-models, which is absent in the
T-models. The formation of the I-balls after inflation can have a great influence on the
reheating properties. Since the reheating temperature is altered from the perturbative one,
the cosmological scenarios such as baryogenesis, gravitino production are affected. Also the
predictions on the inflationary variables ns and r can be changed, since the CMB pivot scale
N∗ is related to the reheating temperature.
Note added
While we were finalizing this work, the paper [30] by Lozanov, et al. appeared, which
discusses the fragmentation of the inflaton field in the cosmological α-attractors. Although
they focus on the impacts of the short-lived objects which appear in the case of n > 1, they
calculate the instability bands for E-models with n = 1. Our results in Sec. 4 are consistent
with their analysis. Moreover, we show the numerical simulations of the I-ball formation
and point out the difference in the critical value of α for I-ball formation between E-models
and T-models, which may solve the degeneracy of the inflationary observables predicted by
each model.
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